
  

  
Abstract—A dynamic stochastic general equilibrium model of 

Kazakhstan, Belarus and Russia, forming the Customs Union, 
and the rest of the world has been developed. The estimation of 
the model parameters has been done on the basis of statistics of 
Kazakhstan, Belarus, Russia and the rest of the world (in the 
case of the Organization for Economic Cooperation and 
Development). Macroeconomic analysis is conducted for effects 
of shocks on the economic performance of the national economy 
of Kazakhstan. The problem of minimizing the volatility of 
macroeconomic indicators of the national economy of 
Kazakhstan (GDP and inflation) based on the approach of the 
theory of parametric control has been formulated and solved. 
 

Index Terms—National economy, regional economic union, 
DSGE model, macroeconomic indicators volatility, parametric 
control. 
 

I. INTRODUCTION 
There is a tendency around the world of creation of 

regional economic unions. The main reason for this trend is 
the desire to improve the economic performance of both 
national economies and the economy of the entire region. The 
European Union, the North American Free Trade Agreement, 
the Asia-Pacific Economic Cooperation and etc. can serve as 
examples. 

Kazakhstan, Belarus and Russia established the Customs 
Union in 2010 with a view to its subsequent transformation 
into the Common Economic Space. 

The countries in the regional unions are facing with a 
problem of carrying out the economic policy within the 
framework of these unions, i.e. taking into account the 
country's relationship with the countries of the union and the 
rest of the world. The dynamic stochastic general equilibrium 
models (DSGE models) [1] are recently becoming a 
widespread tool of macroeconomic analysis in the framework 
of regional unions. One of the important issues of 
macroeconomic analysis is assessment of the impact of 
internal and external shocks on the performance of national 
economies.  

The well-known literature describes the regional unions 
within the framework of the DSGE models in the following 
way: 
1) Representation of the regional union as one country and 

the rest of the world as another country [2], [3]; 
2) Representation of the regional union as one country and 
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the rest of the world as a number of countries [4]; 
3) Representation of the regional union as two countries – 

the country under study and the rest of the regional 
union, and excluding the rest of the world [5]-[7]; 

4) Representation of the regional union as two countries – 
the country under study and the rest of the regional 
union, and the rest of the world as a number of countries 
[8]. 

This paper provides DSGE model of the Customs Union 
and the rest of the world (hereinafter the Model), which 
differs from the known representations of regional unions 
that considered regional union is presented in terms of three 
separate countries, interacting both with each other and with 
the rest of the world (presented in the form of one country). 
Relationship between the economies of the countries in the 
Model is through the flows of goods and capital. 

The main differences of the Model from well-known 
DSGE models are also: 
1) Collection of customs duties in trade of the Customs 

Union with the rest of the world and the distribution of 
collected duties between three countries of the Customs 
Union; 

2) Representation of the government budget expenditures 
of the Customs Union member countries using 
appropriate regression functions of GDP and 
government debt; 

3) Representation of the government budget revenues of 
the Customs Union member countries as the sum of the 
collected taxes, duties and oil incomes; 

4) Description of the government budget deficits of the 
Customs Union member countries; 

5) Introduction of the oil sector. 
The paper presents the setting of the problem of parametric 

control [9] of macroeconomic indicators volatility based on 
the Model and results of its solving. 
 

II. DESCRIPTION OF THE MODEL 
Within the framework of the developed Model, each 

country has the household sector, the goods production sector, 
the oil sector and the government sector, which interact in a 
stochastic environment. The activities of relevant sectors in 
the countries of the Customs Union are equal and the 
activities of sectors of the rest of the world are simplified. 

The activities of households consist in maximizing of the 
expected discounted sum of utilities, which depend on the 
consumption and labor. Based on the solution of this 
optimization problem, the households purchase consumer 
and investment goods, government bonds and provide capital 
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for lease. Composition of consumer and investment goods is 
determined in terms of cost minimization. It is assumed that 
the labor market is monopolistically competitive, and 
households set the wages, taking into account the Calvo 
stickiness [10]. 

Good producers hire the labor of households, rent capital 
and purchase oil to produce goods in terms of minimizing the 
spending to production factor. The goods market is assumed 
to be monopolistically competitive, and producers set the 
price for their goods taking into account the Calvo stickiness 
based on the maximization of expected discounted sum of 
cash flows. 

The government sets the interest rate on government bonds, 
collect taxes and customs duties, borrow money from 
households and carry out government spendings. 

In the Model, economic sectors affected by the following 
shocks: the preference shock, affecting the objective function 
of households; investment shock, reflected in the 
accumulation of capital; productivity shock, explaining the 
changes in production factor effectiveness; wages markup 
shock at setting of wages by the households; capital markup 
shock, introduced as a stochastic financial premium; price 
markup shock at setting the prices for goods; shock of risk 
premium that households have to pay when they borrow from 
abroad, government spending and interest rates shocks, 
affecting economic policy, oil production shock, oil price 
shock and etc. All shocks are given in the form of the 
first-order autoregressions or i.i.d. white noises. 

The Model is formed on the basis of equations of the 
first-order conditions of the above optimization problems of 
household and goods production sectors, the rules of the 
economic activities of the oil sector, government and setting 
of shocks. The model has the following form in vector terms: 

 
        (1) 

 
Here  is a sign of conditional mathematical expectation 

on information available at time  ( 1,2, … );  is a 
known vector function;  is a set of parameters consisting of 
the structural parameters of the model and autoregressive 
parameters of shocks;  is a vector consisting of the 
endogenous variables and shocks, set by the first-order 
autoregression;  is initial value of vector ;  is a 
vector consisting of i.i.d. white noises,  is a set of 
parameters consisting of the standard deviations of noises of 

. 
It is difficult to find an exact solution for the obtained 

nonlinear Model, therefore we use the common approach [11] 
of finding an approximate solution by log-linearization 
equations around steady state of the model (1). Using this 
approach allows to transform the nonlinear model into a 
linear model with rational expectations in the following view: 

 E 0       (2) 
 

where , , ,  are the matrices of appropriate 
dimensions,  is a vector of endogenous variables of the 
linear model corresponding to , the vector of endogenous 
variables of nonlinear model. 

Below the linear DSGE model of the Customs Union and 
the rest of the world (2) is shown in expanded form. The 
designation of variables by "     " means the log-deviation in 
percentage of the relevant either economic indicators or 
autoregression shocks from their steady state values. 
Variables indexed by notation " ", " ", " ", " " 
correspond to national economies of Kazakhstan, Belarus, 
Russia and the rest of the world economy, respectively. 

The dynamics of the  country households consumption is 
given by the following equation (hereinafter , , , 
unless otherwise specified): 

 ̂ ̂ E ̂ ̂ EE ̂ , ̂ , E ̂ , ̂ ,     (3) 

 
where  is households consumption;   is government bond 
yield;  is inflation; ̂ ,  is effective VAT rate;  01  is the coefficient of consumption habits of households;  0  is inverse intertemporal elasticity of substitution 
of households consumption;  is official VAT rate; ,  is 
preferences shock of households. 

Equation of household investment of  country to  
country is given as follows , , , : 

 0 ̂ , ,  , E , ,   (4) 
 

Here ,  is investment of household  country to  country; 
 is the capital value;  is the discount factor of utilities used 

by households within the objective function; ,  is 
investment shock;  is the second derivative at the steady 
state of the cost function at the accumulation of capital. 

Equations defining optimal amount of capital of the 
country  in the country  specified in the following forms , , , : 

 ̂ , E ̂ , ̂ , ̂ , ̂ ,̂ ̂ ̂ ̂ 1 ̂ ,̂ , ̂ , ̂ , 1̂ , ,                (5) 

 ̂ , E ̂ , ̂ , ̂ , ̂ ,̂ ̂ ̂ ̂ 1 ̂ ,̂ , , ̂ , ̂ , 1E ̂ , ,          (6) 

 
Here ,  is investment price index; ,  is rental rate of 

capital; ̂ ,  is effective tax rate of capital income;  is 
depreciation rate of capital; ,  is the accumulated amount of 
capital of the country  in the country ;  is official tax rate 
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of capital income;  is steady state of rental rate of capital; ,  is capital markup shock. 
The equation specifying the amount of accumulated capital 

is determined according to the formula , , , : 
 , 1 — , ̂ , ,      (7) 
 
Equation for inflation of domestic goods prices in the 

country: 
 , ̂ , , E ,, ,                (8) 
 

where 
 , ̂ , ̂ ,         (9) 

 
Here , , ,  are the price level and inflation of prices of 

domestic goods, respectively;  is the marginal cost of 
production;  0 1 ,  0 1  are the 
probability of non-optimal setting of prices by producer and 
the degree of indexation of prices according to the Calvo 
pricing model, respectively; ,  is price markup shock. 

The equation of real wages is given in the following form: 
 1 E E1 ̂ ,

̂ ̂ ̂ , ̂ , ,   

                     (10) 
 
Here  is the level of real wages of households;  is labor;  0 1 , 0 1  are the probability of 

non-optimal setting of wages by the households and the 
degree of indexation of wages according to the Calvo pricing 
model, respectively;  0  is the inverse elasticity of 
labor supply;  1  is wage markup; ,  is the labor 
supply shock; ,  is the wage markup shock; ̂ ,  is 
effective tax rate on wage;  is official tax rate on wage. 

The production function of the goods producers is given in 
accordance with the formula: 

 

, ̂ , 1 ,    (11) 

 
Here ,  is output of non-oil goods;  is amount of 

utilized capital; ,  is amount of utilized oil; ,  0, 1  are the output elasticities of capital and labor, 
respectively; ̂ ,  is productivity shock. 

The total capital represents as the sum of capital from each 
country: 

 ∑ , , , ,      (12) 

The equation, expressing relation between the labor and 
capital, is as follows: 

 ̂ , ̂ ,       (13) 

 
where ̂ ,  is effective social tax rate;  is official social tax 
rate. 

The equation, expressing relation between the labor and oil, 
is as follows: 

 ̂ , , ̂ ,       (14) 

 
where ̂ ,  is oil price. 

Equation of the marginal cost can be presented as: 
 ̂ ,  ̂ , 1

, , ̂ ,                (15) 
 
Employment equation is given as follows: 
 ∆ ̂ ̂ E ∆ ̂    (16) 

 
where 

 ∆ ̂ ̂ ̂               (17) 
 
Here ̂  is employment;  0 1  is the 

probability of non-optimal setting of employment according 
to the Calvo model. 

The equation describing uncovered interest parity 
condition is , , , \ :  

 ̂ ̂ , , E ̂ , ̂ , ̂ ,    (18) 
 
Here ̂ ,  is the nominal exchange rate; ̂ ,  is risk 

premium shock; ,  is elasticity of risk premium. 
Equation specifying the relationship between the real and 

nominal exchange rates is , , , \ : 
 , , ̂ , ̂ ,     (19) 
 

where ,  is real exchange rate. 
Oil production and oil price are specified as 

autoregressions: 
 , , ,              (20) 
 ̂ , ̂ , ,        (21) 
 

where ,  are autoregressive coefficients; , , ,  are 
shocks of oil production and oil price. 

Oil price in national currency: 
 ̂ , , ̂ ,              (22) 
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where ̂ ,  is world oil price. 
Equation for GDP is defined as follows: 
 

, ,         (23) 
 

where  is GDP;  and  are steady states of non-oil and 
oil outputs, respectively. 

Taylor rule [12] determining the interest rate on 
government borrowing is given as follows: 

 ̂ ̂ 1 , ,, ,              (24) 
 
Here  is smoothing factors; , , , , ,

 are weight coefficients; ,  is shock of interest rates. 
The rule of government spendings is set as follows:  
 1 ,   

  (25) 
 

Here  is the amount of government spendings;  is 
total government debt;  is smoothing factor; ,  are 
weight coefficients; ,  is shock of government spendings. 

The ratio between the government (budget) spendings and 
government consumption is given as follows: 

 ̂ , ̂ ,          (26) 
 

Here  is government consumption; ,  is the price 
index of government spendings; ̂ ,  is shock of share of 
government consumption in government spendings. 

The total government debt represents as the sum of 
government debt to each country: 

 ∑ , , , , , , , \   (27) 
 

Here, ,  is the government debt of country  to country ; , , , ,  are steady state values of real exchange rate, 
government debt to  country and total government debt, 
respectively. 

Government revenues are determined by the following 
equation (for , : 

 

, ̂ , , ̂ , ,̂ , ̂ ̂ , ̂ ,̂ , ̂ , ̂ ,
, ̂ , ̂ ,     (28) 

 
(for  
 

̂ ̂ , ̂ ,̂ , ̂ , ̂ ,̂ , ̂ ,      (29) 
 
Here  is government revenues;  is customs duties; 
 is the government-owned share of the oil sector; ̂ ,  is 

effective export duty rate on oil;  is official export duty rate 
on oil;  , , , , , ,  are steady states of 
government revenues, import customs duties, capital, 
investment price index, wage, labor and consumption, 
respectively. 

Equation for import customs duties distributed to country : 
 , , ∑ , , , ,, ∑ ,∑ , , , , , ̂ , , ̂ , ̂ , ̂,∑ , , , , , ̂ , ̂ ,

̂ ,,∑ , , , , , ̂ , ̂ ,
̂ , ̂ , ̂ ,           (30) 

 
where ̂ ,  is effective import duty rate; ,  is official 
import duty rate; , , , , ,  are steady states of 
export of goods to the rest of the world for consumption, 
investment and government spendings, respectively. 

Equation of government budget deficit is set as follows: 
 , , ̂ ,∑ , , , ,, ̂ , , , , , , \

,,                 (31) 
 

where  is budget deficit;  is steady state of budget 
deficit. 

Budget balance equation is: 
 

       (32) 
 

Equations of government debt to other countries of the 
Customs Union and the rest of the world are: 

 , 0,  , , \       (33) 
 , , , ,,        (34) 
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Here ,  is government debt to the rest of the world; ,  
is government debt to the country  of Customs Union;  is 
autoregressive coefficient; ,  is shock of the government 
debt to the rest of the world. 

Equations for tax rates: 
 ̂ , ̂ , ,         (35) 
 ̂ , ̂ , ,         (36) 
 ̂ , ̂ , ,         (37) 
 ̂ , ̂ , ,        (38) 
 ̂ , ̂ , ,       (39) 
 ̂ , ̂ , ,         (40) 

 
Here , , , , ,  are autoregressive 

coefficients; , , , , , , , , , , ,  are i.i.d. 
white noises. 

Equation for demand of goods of the country: 

, ∑ , , ̂ ̂ , , ,
̂ ,,, , ̂ ,

̂ , , , ̂ , ̂ ,
, ̂ ,                 (41) 

 

Here , ,  are the steady state values of the ratios of 
consumption, investments and government spendings of 
country  to GDP of country ; ,  is the steady state values 
of prices in country  for goods of the country ; ,  are 
the steady state values of the price index of investments and 
government spendings, respectively;  share of GDP of 
Kazakhstan, Russia and Belarus in the total GDP of the 
Customs Union ( ∑  , , 1 ), respectively; , , , , ,  are weight ratios in the formula of Dixit-Stiglitz 
on aggregation in consumption, investments and government 
spendings, respectively;  is elasticity of substitution 
between the domestic and foreign goods;  is elasticity of 
substitution between the goods and oil; ̂ ,,  is consumer price 
index excluding oil. 

Equation for indices of consumer prices, prices of 
investment goods and government spendings: 

 0 ̂ , ̂ ,          (42) 
 ̂ , ∑ , ̂ , , , ,       (43) 
 ̂ , ∑ , ̂ , , , ,       (44) 

̂ , ∑ , ̂ , , , ,       (45) 
 
Equation characterizing the law of one price (, , , ;  ): 
 ̂ , , ̂ ,           (46) 
 
Rules for specifying shocks: 
 ̂ , ̂ , ,         (47) 

 ̂ , ̂ , ,         (48) 
 ̂ , ̂ , ,         (49) 
 ̂ , ̂ , ,         (50) 
 ̂ , ̂ , ,         (51) 
 ̂ , ̂ , ,        (52) 

 
where , , , , ,  are autoregressive 
coefficients; , , , , , , , , ,  are i.i.d. white noises. 
The remaining , , , , , , , , , , , , , , , ,,  shocks are presented as i.i.d. white noises. 

We will capture the equations describing the economy of 
the rest of the world. They are obtained similarly to the 
corresponding equations of the Customs Union with the 
following simplifications: 1) the economy of the rest of the 
world is assumed to be closed, i.e. exports to the Customs 
Union member-countries and imports from these countries 
are considered as negligible in comparison with GDP of the 
rest of the world; 2) Consumption and investment present a 
fixed share of GDP of the rest of the world; 3) Setting of 
wages is flexible. 

The obtained system of equations is similar to the standard 
New Keynesian model of three equations of GDP, inflation 
and interest rate [13]: 

 E ̂E , ̂ , ̂ ,            (53) 
 , ,E , , ,     (54) 

 ,  ̂ , ̂ ,        (55) 
 ̂ , , ̂ ,        (56) 
 

,̂ , ,                (57) 
 ̂ ̂ 1 ,

 (58) 
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Computation results show that, for this variant, parametric 
control of suppression of shock effects provides decrease of 
sampling standard deviation of GDP by 34% and inflation by 
27% in comparison with actual values for mentioned period. 

 

 
Fig. 5. Counterfactual analysis in interval 2000-2011, GDP (deviation 

from trend in %). 
 

 
Fig. 6. Counterfactual analysis in interval 2000-2011, inflation (in % per 

quarter). 
 

 
Fig. 7. GDP forecast with parametric control and basic scenario 

(deviation from trend in %). 
 

 
Fig. 8. Inflation forecast with parametric control and basic scenario (in % 

per quarter). 
 

In the second variant, the problem of parametric control for 
minimizing GDP and inflation volatility of national economy 
of Kazakhstan was solved for the period of 2013-2023 as 
follows. 

On the basis of the Model with parameter estimates 
obtained using statistical data for 2000-2012, there were 
estimated 500 trajectories by endogenous variables, 
including by generation of exogenous shocks for given 
autoregressive parts and by generation of their noise 
components by their characteristics, obtained from the Model 
estimation by statistical data for 2000-2012. 

For each of 500 trajectories, the problem of parametric 
control was solved in the framework of the problem (62)-(66). 
Sample means of criteria and instruments are taken as the 
solution result of the parametric control problem. 

Fig. 7 and Fig. 8 present sample means and sample 
standard deviations of GDP and inflation given using 
numerical solution of the problem by the Monte-Carlo 
method, as well as mathematical expectations and standard 
deviations of GDP and inflation, built on the base of the 
model (61) without using the parametric control approach. 
Computing results show that, for this variant, parametric 
control of macroeconomic indicators volatility provides 
decrease of forecast standard deviations of GDP by 35% and 
decrease of forecast standard deviations of inflation by 21% 
in average for mentioned forecasting horizon. 
 

VI. CONCLUSION 
DSGE model of the Customs Union and the rest of the 

world is constructed and estimated. Verification of the 
estimated DSGE model was made using retroforecast. 
Verification results demonstrated sufficient accuracy of the 
description of the functioning of national economies using 
this model. 

Based on macroeconomic analysis, there were defined 
shocks affecting largely on GDP and inflation. The efficiency 
of solving the problem of minimizing the GDP and inflation 
volatility of the national economy of Kazakhstan by 
parametric control approach was shown. 

These results can be used in the development and 
implementation of effective economic policy. 
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